Nonparametric control charts do not require knowledge about the shape of the underlying distribution and can thus be attractive in certain situations. Two new Shewharttype nonparametric control charts are proposed for monitoring the unknown location parameter of a continuous population in Phase II (prospective) applications. The charts are based on control limits given by two specified order statistics from a reference sample, obtained from a Phase I (retrospective) analysis, and using some runs-type signaling rules. The plotting statistic can be any order statistic in a Phase II sample; the median is used here for simplicity and robustness. Exact run length distributions of the proposed charts are derived using conditioning and some results from the theory of runs. Tables are provided for practical implementation of the charts for a given in-control average run length (ARL 0 ) between 300 and 500. Comparisons of the average run length ARL, the standard deviation of run length (SDRL) and some run length percentiles show that the charts have robust in-control performance and are more efficient when the underlying distribution is t (symmetric with heavier tails than the normal) or gamma (1, 1) (right-skewed). Even for the normal distribution, the new charts are quite competitive. An illustrative numerical example is given. An added advantage of these charts is that they can be applied before all the data are collected which might lead to savings in time and resources in certain applications.
Introduction
Statistical process control (SPC) techniques strive to distinguish between two sources of variation in a process: those that are random or natural and therefore cannot be identified and removed under reasonable economic constraints (so called chance causes) and those that can be (so called assignable causes). When a process operates only under chance causes, at or around an acceptable target, it is said to be in statistical control (hereafter in-control, denoted IC). Control charts help users identify assignable causes so that corrective actions, if necessary, can be taken as soon as possible. In the process control environment with variables data the output is typically assumed to follow a parametric distribution such as the normal. It is well-known that if the underlying process is not as assumed, the performance of these parametric charts can be significantly degraded. In this context, one key problem is the lack of IC robustness of some of the well-known parametric charts (see, e.g. Chakraborti et al. (2001 Chakraborti et al. ( , 2004 ). This, for example, means that there could be too many false alarms than what is nominally expected and obviously, this could mean considerable loss of time and resources. Thus, it is desirable, from a practical point , h = 1, 2, 3 . . . .
(1) Thus, the Z 's are signaling indicators; if Z h = 1, a signal is indicated and the process is declared to be OOC on the hth test sample, whereas the opposite is true if Z h = 0. The event when Z h = 1, that is when Y h j:n ∈ (LCL, UCL), is called a signaling event and its probability, P(Z h = 1) = p, say, is called the (unconditional) signaling probability. It is assumed that the test samples all come from a continuous distribution with c.d.f. G and hence the superscript h on Y h j:n is suppressed hereafter until it's necessary to avoid any confusion.
Because the control limits are order statistics from the same reference sample, the signaling events and therefore the signaling indicators Z 1 , Z 2 , . . . are dependent binary random variables. So the implementation, analysis and interpretation of the control charts must take account of this dependence. Note that given (or conditionally on) X a:m = x 1 and X b:m = x 2 , the probability of a no-signal is
where G j denotes the c.d.f. of the jth order statistic in a sample of size n from a distribution with c.d.f. G. Since G j (x) = I G(x) (j, n − j + 1), where I a (b, c) denotes the incomplete beta function, the probability in (2) can be expressed as I G(x 2 ) (j, n − j + 1) − I G(x 1 ) (j, n − j + 1). The unconditional probability of a no-signal, denoted 1 − p, can be found by averaging this over 
where f a,b (x, y) denotes the well-known joint p.d.f. of the ath and the bth order statistics in a sample of size m from the uniform (0, 1) distribution (see, e.g. Gibbons and Chakraborti (2003) ). The unconditional probability of a signal, p, can be obtained from (3). Note that since the observations are assumed to be continuous, the probability of a plotting statistic falling on the control limit equals 0, theoretically, yet this can happen in practice and thus as a convention we include this possibility in the definition of a signal without altering the probability.
Precedence control charts with signaling rules
We consider generalizing the 1-of -1 precedence charts by incorporating signaling rules involving runs of the plotting statistic above and/or below the control limits. Similar extensions have been considered in the literature for the parametric Shewhart charts, see, e.g., Nelson (1984) and Klein (2000) . Thus, the charts proposed here can be viewed as ''runs rule enhanced'' Phase II nonparametric control charts. Note that only two-sided control charts are studied here, one-sided charts can be considered along similar lines.
Three signaling rules: (a), (b), and (c) are considered that lead to control charts. According to these, a process is declared OOC when (a) a single point (plotting statistic: median) falls on or outside the control limits (the 1-of -1chart or the precedence chart) (b) two consecutive points (plotting statistics: medians of consecutive test samples) (i) both fall on or above the UCL or, (ii) both fall on or below the LCL or, (iii) one falls on or above the UCL and the next one falls on or below the LCL or, (iv) one falls on or below the LCL and the next falls on or above the UCL (Derman and Ross, 1997; hereafter the 2-of -2 DR chart) (c) two consecutive points (medians of consecutive test samples) both fall on or above the UCL or both fall on or below the LCL (Klein, 2000 ; hereafter 2-of -2KL chart).
Rule (a) is the simplest and most frequently used in the control charting literature. In the present setting, this corresponds to the 1-of -1 precedence chart studied in Chakraborti et al. (2004) , mentioned here for reference and comparison purposes. It is clear that rule (a) is a special case of rules (b) and (c).
Performance of Phase II control charts is evaluated on the basis of its run length distribution. Note that the run length also be viewed as the waiting time until the first signal. These waiting times, which are positive integer valued random variables, are defined as follows. Case (a): The waiting time for chart (a) is 
where the indicator random variables, Z 's, are given by (1) and, Case (c): For chart (c) the waiting time is defined as
The three charts are illustrated in Fig. 1 . It is seen that here the 1-of -1, the 2-of -2 DR and the 2-of -2 KL charts signal (for the first time) at sample numbers 3, 6, and 7, respectively. Accordingly, the run lengths (or, the waiting times) corresponding to these charts are 3, 6, and 7, respectively.
It may be noted that if the 2-of -2 KL chart signals so does the 2-of -2 DR chart but the reverse is not always true. In addition, the 2-of -2 KL chart seems more suitable when detecting a shift in the process location, either up or down is of interest, whereas the 2-of -2 DR rule can detect a possible swing.
The run length distributions for the proposed charts are studied in the following section. S. Chakraborti et al. / Computational Statistics and Data Analysis ( ) Fig. 1 . An illustration of the 1-of -1, the 2-of -2 DR and the 2-of -2 KL charts.
Waiting time (run length) distributions

Distribution of T 2 : Run Length distribution for the 2-of-2 DR chart
Chakraborti et al. (2004) derived the distribution of T 1 by conditioning on the order statistics X a:m and X b:m . However, application of the same technique here leads to an expression for the conditional distribution of T 2 that is too complex, particularly for x ≥ 3, to attempt a direct derivation of a closed form expression for the unconditional distribution. Instead, we find the distribution of T 2 by first conditioning on the total number of successes S n = n i=1 Z i in the sequence of random variables Z 1 , Z 2 , . . .. To this end, first note that Z 1 , Z 2 , . . . is a sequence of dependent binary random variables, and in fact it can be seen that they are exchangeable or symmetrically dependent (i.e., any permutation of any subset of these random variables has the same distribution). Using this result, an exact expression for the probability distribution of T 2 is now derived. George and Bowman (1995) derived the distribution of the total number of successes in a sequence of n exchangeable binary trials. According to their result
where λ t = P(Z 1 = 1, . . . , Z t = 1) for t = 1, 2, . . . , n. We use this result in deriving the unconditional run length distribution of the 2-of -2 DR chart, given in Theorem 1. Note that since conditionally λ t equals [p(
The unconditional distribution of T 2 is given by Theorem 1.
and for x ≥ 3.
Proof. Given in the Appendix. 
Thus, the IC run length distribution is free from either F or G and the chart is distribution-free. 
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We obtain the distribution of T 2 by applying some results in Fu and Lou (2003) . Given X a:m and X b:m , let T * 2 denote the waiting time for two consecutive 1's or two consecutive 2's in the sequence of i.i.d. trials Z 1 , Z 2 , . . .. This is called a compound pattern Λ = Λ 1 ∪ Λ 2 , where Λ 1 = {11} and Λ 2 = {22}. Now applying Theorem 5.2 of Fu and Lou (2003, page 68) , the distribution of T * 2 is obtained
where
It may be noted that this result follows from more general results on the distribution of waiting time for the first occurrence of a compound pattern in a sequence of i.i.d. or homogeneous Markov dependent m-state trials derived in Fu and Lou (2003, Chapter 5) . In our case (Case (c)), m equals 3 and the necessary imbedded Markov chain is defined on the state space {φ, 0, 1, 2, α 1 , α 2 } where α 1 = {11} and α 2 = {22} are the two absorbing states (when the process is declared to be OOC). The associated transition probability matrix M 6×6 can be written
where N 4×4 is defined above,
and the probabilities p L and p U are defined in (10) and (11), respectively. The unconditional distribution of T 2 is then obtained from the conditional distribution of T * 2 by averaging over the joint distribution of X a:m and X b:m . This is given below. 
Theorem 2.
P T
2 = x = ∞ −∞ x 2 −∞ P T * 2 = x|X a:m = x 1 , X b:m = x 2 h a,b (x 1 , x 2 )dx 1 dx 2 for x ≥ 2, (13) where P T * 2 = x|X a:m = x 1 , X b:m = x 2 is given by (12) and h a,b (x 1 , x 2 ) is the joint p.d.f.
Corollary 2. The IC (F = G) run length distribution of the 2-of-2 KL chart is given by
Once again the IC run length distribution is seen to be free from either F or G, so that the chart is distribution-free.
ARL, VAR and FAR calculations
In order to study the performance of a Phase II control chart, it is common to examine the average and the standard deviation (or the variance) of the run length distribution. The false alarm rate (FAR) of the chart is also of interest. Expressions for these can be obtained exactly and are shown below. S. Chakraborti et al. / Computational Statistics and Data Analysis ( ) - 
ARL, VAR and FAR of 2-of-2 DR chart
The required quantities are most conveniently derived by conditioning, noting that given X a:m and X b:m , the random variable T 2 has a geometric distribution of order 2 (see Balakrishnan and Koutras (2002) ). The conditional expected value and the variance of T 2 are known to be
So the unconditional ARL for the 2-of -2 DR chart is given by
The IC average run length (ARL 0 ) is obtained by substituting F = G in (16).
The unconditional variance of the run length distribution for the 2-of -2 DR chart can be calculated by using the formula
where the conditional expectation and the variance formulas are given in (15). The formula for the IC unconditional variance can be obtained by substituting F = G in the resulting expression. The final expressions are much to complicated to be presented here. We calculate and discuss these later. The FAR of the 2-of -2 DR chart may be calculated as
where f a (x) and f b (x) are the p.d.f.'s of the beta (a, m − a + 1) and beta (b, m − b + 1) distribution, respectively.
ARL, VAR and FAR of 2-of-2 KL chart
Again, given X a:m and X b:m , the conditional expected value of T 2 is known to be (see Klein (2000) )
where p L and p U are defined in (10) and (11), respectively, and p = p L + p U (note the slightly different notation in Klein; he defines p to be the probability of no-signal whereas we define p to be the probability of a signal). Now, averaging over the distribution of X a:m and X b:m , the ARL of the 2-of -2 KL chart is obtained
Noting that G j (F −1 (x)) = I GF −1 (x) (j, n − j + 1), the IC average run length can be obtained by substituting F = G in (19).
In order to calculate the variance of the run length distribution note that if the Z 's are i.i.d., the second raw moment of T 2 is given by (Fu et al., 2002) 
−2 1 . Using this result conditionally on X a:m and X b:m and the formula for the unconditional variance from the conditional expectation and variance formulas shown earlier, we can calculate the unconditional variance of the run length distribution of the 2-of -2 KL chart. From this, the unconditional variance of the IC run length distribution can be found by substituting F = G. Like in the case of the DR chart, the expression for the unconditional variance is complicated and is not presented here; we calculate and discuss these later. Table 1 In-control average run length (ARL 0 ), false alarm rate (FAR) and constants (a, b) (The three rows of each cell shows the achieved ARL 0 , the FAR, and the chart constants (a, b), respectively.) for the 2-of-2 DR nonparametric chart for m = 50, 100, 200, 500 and (j, n) = (3, 5), (4, 7), (5, 9). The FAR for the KL chart is given by
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j = 3, n = 5 j = 4, n = 7 j = 5, n = 9 m =FAR KL = P Y h−1 j:n ≥ X b:m , Y h j:n ≥ X b:m |F = G + P Y h−1 j:n ≤ X a:m , Y h j:n ≤ X a:m |F = G , = 1 0 1 − I y (j, n − j + 1) 2 f b (y)dy + 1 0 [I x (j, n − j + 1)] 2 f a (x)dx.(20)
Implementation of charts
For practical implementation of the proposed charts we need the control limits, which means we need to find the indices a and b (1 ≤ a < b ≤ n), respectively, of the reference sample order statistics.
Determination of control limits
Typically, in Phase II applications, control limits are determined so that a specified IC average run length (say ARL * 0 ) is obtained. Since 370 is a standard ARL 0 value used in the industry, we need to solve, for example, ARL 0,DR = 370 for the 2-of -2 DR chart (and ARL 0,KL = 370 for the 2-of -2 KL chart) for a and b. The ARL 0 expressions are obtained from (16) and (19), respectively, substituting F = G. Since the Phase II (test) sample median is used as the charting statistic and the sample size is assumed odd, it seems reasonable to use symmetric limits (see, e.g., Chakraborti et al. (2004) ) and we take b = m − a + 1, so that only the constant a needs to be determined. The solutions to the equations are obtained using the software package Mathcad. In Tables 1 and 2 we display the various choices of the constants a and b for the 2-of -2 DR and the 2-of -2 KL chart, for a given ARL * 0 in the neighborhood of 300 and 500, when reference samples of size m = 50, 100, 200 and 500 are used to estimate the control limits in Phase I and these limits are used in Phase II monitoring using medians of (test) samples of size n = 5, 7, or 9, respectively. Thus, j equals 3, 4, and 5, respectively, in the tables. For each combination of values of n, j, and m, the tables display (in each cell) a combination of the attained ARL 0 , the attained FAR and the (a, b) values, in that order, where the ARL 0 values are close to the specified values 300 and 500. Note that these values (in the neighborhood of 300 and 500, which can be considered reasonably large), are provided since it is rare to be able to achieve an ARL 0 (or FAR) exactly as specified with the nonparametric charts as the IC distribution of the charting statistic is discrete. For example, from Table 1, for m = 500, n = 5 and j = 3, one set of constants for the DR chart are given by a = 72 and b = 500 − 72 + 1 = 429 so that LCL = X 72:500 and UCL = X 429:500 . In this case the achieved ARL 0 and the FAR are 496.90 and 0.0025, respectively.
We emphasize these are the exact values and the control limits can be used for all continuous distributions. For a more moderate reference sample size, say m = 50, In-control average run length (ARL 0 ), false alarm rate (FAR) and chart constants (a, b) (The three rows of each cell shows the achieved ARL 0 , the FAR, and the chart constants (a, b), respectively.) for the 2-of-2 KL nonparametric chart for m = 50, 100, 200, 500 and (j, n) = (3, 5), (4, 7), (5, 9). deemed reasonably large in practice, are achievable. Obviously as m and/or n increase, the available choices for the ARL 0 values also increase. Similar behavior is observed in the case of the 2-of -2 KL chart as can be seen from the entries in Table 2 . For instance, when m = 500, n = 5 and j = 3, and one uses LCL = X 80:500 and UCL = X 421:500 , the ARL 0 of the 2-of -2 KL chart is 524.39, whereas the FAR is 0.0023. However, if instead one chooses to use LCL = X 81:500 and UCL = X 420:500 , the ARL 0 decreases to 490.21, whereas the FAR slightly increases to 0.0024. It may be noted that when some order statistic other than the median is used as the Phase II charting statistic, determination of the constants a and b is a more involved problem, since in this case setting b = m − a + 1 becomes questionable due to a lack of symmetry of the IC distribution. We don't discuss this any further in this paper.
Example
We illustrate the nonparametric charts using the data given in Tables 5.1 and 5.2 of Montgomery (2001) . The goal of this study was to establish statistical control of the inside diameter of the piston rings for an automotive engine manufactured in a forging process. Twenty-five retrospective or Phase I samples, each of size five, were collected when the process was thought to be IC. As shown in Montgomery (2001) , the traditional ShewhartX and R charts provide no indication of an OOC condition, so these data are considered to be Phase I reference data and these ''trial'' limits were adopted for use in on-line process control.
In order to obtain the control limits the constants a and b are needed. Possible symmetric control limits (a, b = m−a+1) for the three charts are shown in Table 3 , for m = 25 × 5 = 125, n = 5 and j = 3, along with the corresponding FAR and ARL 0 values.
Using Table 3 , we take a = 7 so that b = 119, and the control limits for the 1-of -1 precedence chart are the 7th and the 119th ordered values of the reference sample: LCL = X 7:125 = 73.984 and UCL = X 119:125 = 74.017, which yield an exact ARL 0 of 413.80 and a FAR of 0.0044. A plot of the medians for the 1-of -1 chart is shown in Fig. 2 for all forty samples, the first twenty five of which are from Phase I and the remaining are from Phase II. It is seen that while the Phase I samples are in control, the 1-of -1 precedence chart signals on the 12th sample in the prospective phase (Phase II).
For the 2-of -2 DR chart, again using Table 3 , we take a = 19 so that the resulting limits, LCL = X 19:125 = 73.992 and UCL = X 107:125 = 74.012, yield an ARL 0 and FAR of 464.38 and 0.0040, respectively. The 2-of -2 DR chart is shown in Fig. 3 .
Finally, for the 2-of -2 KL chart we take a = 21 so that b = 125 − 21 + 1 = 105 and thus LCL = X 21:125 = 73.992 and UCL = X 105:125 = 74.011. This yields an ARL 0 of 460.54 and a FAR of 0.0038, respectively. This 2-of -2 KL chart is almost 
Table 3
In-control average run length (ARL 0 ), false alarm rate (FAR) and chart constants (a, b) for the 1-of -1, 2-of -2 DR and 2-of -2 KL precedence charts when m = 125, n = 5 and j = 3. identical to the chart shown in Fig. 3 and is thus omitted. Note that both the 2-of -2 DR and KL charts signal on the 10th sample in the prospective phase, slightly earlier than the 1-of -1 chart.
Performance comparisons
The performance of Phase II charts is typically compared by first designing each chart to (roughly) have the same ARL 0 and then examining their ARL 1 (OOC average run length) values at some OOC values of the parameter of interest. The control chart with the shorter (or smaller) OOC average run length is usually preferred. Since the proposed Phase II charts are nonparametric Shewhart-type charts, their main competitor is the basic 1-of -1 precedence control chart of Chakraborti et al. (2004) . The normal, the t and the gamma distribution were used in the performance comparisons. The t-distribution was used to study the effects of heavier tails and the gamma distribution was used to study the effect of skewness. In order for the results to be comparable, the distributions were scaled so that each had a mean of 0 and a variance of 1; thus, the normal (0,1), the t(4) and the gamma (1, 1) distributions were used in the sequel. The parametric ShewhartX chart was included in the comparison for the normal distribution but not for the t and the gamma distribution since theX chart is well-known to be nonrobust under nonnormality; see, e.g., Chakraborti et al. (2004) . S. Chakraborti et al. / Computational Statistics and Data Analysis ( ) - 
3.0845 Table 5 ARL and SDRL values for the 2-of -2 DR, 2-of -2 KL and the basic (1-of -1) precedence chart for the t(4) distribution when m = 500, j = 3, n = 5. 
Tables 4-6 display the results when a reference sample of size m = 500 is used to estimate the control limits and to monitor the location with Phase II samples of size n = 5, using Y 3:5 , their median, as the plotting statistic. The charts were designed so that an ARL 0 close to 500 was achieved. Two combinations of chart constants are used for each nonparametric chart for which the ARL 0 was slightly below and slightly above the target value, 500. The tables show both the average (ARL) and the standard deviation of run length (SDRL); the shift refers to a shift in the mean. From Table 4 it is seen that even under the normal distribution, the nonparametric charts can be quite efficient. The 2-of -2 KL chart is almost as efficient as theX chart, with a shorter ARL but a slightly higher SDRL, especially for small shifts. When the distribution is t(4), that is symmetric yet with heavier tails than the normal, Table 5 shows that both the 2-of -2 DR and the 2-of -2 KL charts perform better than the basic precedence 1-of -1 chart in detecting small shifts, with the 2-of -2 KL chart being the best. Thus, the two new nonparametric Shewhart-type charts with signaling rules provide better alternatives, especially for smaller shifts. The same observation applies in the case of a right-skewed distribution such as the gamma (1, 1) as shown in Table 6 .
Hence, the runs-type signaling rules enhance the nonparametric chart's sensitivity to a location shift. The gain in efficiency can be substantial; for example, for the t(4) distribution for a shift of 0.5, the ARL values of the 1-of -1, 2-of -2 DR and the 2-of -2 KL charts are 117.63, 40.98 and 26.28, respectively, when the corresponding ARL 0 values are very comparable, 520.27, 536.72 and 524.39, respectively. Note that in Table 6 for the gamma (1, 1) distribution the 2-of -2 DR and the basic precedence chart display somewhat of a strange behavior in that both the ARL and SDRL values first increase from their corresponding values for the IC case for a shift of 0.25; thereafter the ARL and SDRL values decrease for increasing shifts as it might be expected. We have not been able to fully explain this phenomenon. A repeat of the simulations produced similar results.
Because the run length distribution is highly right-skewed, percentiles, in addition to the ARL and the SDRL values, should be examined (as recommended in the literature; see, e.g., Chakraborti (2007) ). To this end, a number of percentiles of the unconditional run length distribution were calculated, including the three quartiles for each of the three distributions, respectively, both for the IC and the OOC cases. The results (not shown here) lead to the same general observation that the newly proposed nonparametric charts are more efficient than the basic precedence chart, with the 2-of -2 KL chart having a slight edge. For example, in the OOC case for a shift of 0.5 in the mean of a normal distribution, the quartiles for the 2-of -2 KL chart (with a = 81 and b = 420) are all shorter: 7, 16 and 33, respectively, compared to those of both the 2-of-2 DR chart (with a = 72 and b = 429): 11, 24, and 50 and the 1-of -1 precedence chart (with a = 25 and b = 476): 23, 57, and 127. This shows that the 2-of -2 KL chart is far superior, since shorter percentiles in the OOC case means quicker signals, to the 1-of -1 chart and is somewhat superior to the 2-of -2 DR chart. Table 6 ARL and SDRL values for the 2-of -2 DR, 2-of -2 KL and the basic (1-of -1) precedence chart for the gamma (1, 1) distribution when m = 500, j = 3, n = 5. 
Summary and recommendations
The key advantage of a nonparametric chart is its IC robustness, that is, the fact that the IC run length distribution and hence all the associated properties (mean, standard deviation, percentiles, etc.) remain the same for all continuous distributions. This allows the practitioners to have greater confidence in their charts. The new nonparametric Shewhart-type control charts enhance the performance of the 1-of -1 precedence control chart. Because these charts (the control limits as well as the charting statistic) are based on order statistics, they can be applied as soon as the required order statistics are observed and this can be an advantage in certain applications. Charting constants are provided for the control limits along with the achieved ARL 0 and FAR values; these would help in practical implementation. The performance of the proposed charts is seen to be either on per or better than the ShewhartX chart and the 1-of -1 precedence chart. The new charts can thus be useful for the quality practitioner and are recommended in practice. A choice between the two new charts would depend on the kind of process change one expects to detect. The 2-of -2 KL chart is more suitable when the process shifts either up or down (shift in one direction) while the 2-of -2 DR chart is appropriate if the process swings from one time point to the other. Thus, in general, the chart that best matches the hypothesized or expected shift pattern should be chosen in practice.
Finally, one can further consider enhancements of precedence charts using, say k-of-k rules, k ≥ 3. The run length random variable associated with k-of-k DR chart is defined as T k = min {t : Z t−k+1 = 1, . . . , Z t = 1}. Similarly, k-of-m, k ≤ m, rules are also possible. Although, such rules may improve the sensitivity of the charts, the 2-of -2 charts studied here seem more attractive from a practical point of view. S. Chakraborti et al. / Computational Statistics and Data Analysis ( ) - Now, using (7) P(S x = x − y) = The proof is completed by substituting (A.2) and (A.3) in (A.1).
